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ABSTRACT
Implementing Multiple-precision Krylov subspace method
on GPU cluster for a large-sparse linear system is inves-
tigated, and the method is numerically evaluated. It is
well known that a number of iteration of Krylov subspace
method depend on accumulation errors, and the error may
affect the calculation results. In order to settle these issues,
the multiple precision operation Krylov subspace method
is implemented on GPU cluster using GNU Multiple Preci-
sion Arithmetic Library (GMP) and CUDA Multiple Preci-
sion Arithmetic Library (CUMP), and the method is par-
allelized to get high performance. The result of computa-
tion shows that the variable preconditioned Bi-CGSTAB on
GPU cluster is up to 16.38 times faster than that of CPU
with OpenMP.
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1. INTRODUCTION
It is well known that a number of iteration of Krylov sub-

space method depend on accumulation errors, and the error
may affect the calculation results. One of the settlement
of these issues is the multiple precision operation, and li-
braries of the multiple precision operation have been devel-
oped. However, the multiple precision operation takes much
execution time and transmission time.
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GNU Multiple Precision Arithmetic Library (GMP) and
The CUDA Multiple Precision Arithmetic Library (CUMP)
are libraries for implementing multiple-precision arithmetic,
and CUMP is developed for CUDA [3]. In addition, coop-
erate calculation is able to use in both libraries.

The purpose of the present study is to implement a code
of multiple precision Krylov subspace method using GPU
cluster of HA-PACS at Center for Computational Science,
University of Tsukuba, and to evaluate the performance of
the numerical code.

2. VP KRYLOV SUBSPACE METHOD
The variable preconditioned generalized conjugate resid-

ual (VPGCR) method has two nested iterations for GCR
and variable preconditioning for GCR are called as outer-
loop and inner-loop [2]. The variable preconditioned (VP)
GCR method has the sufficient condition for convergence.
The residual of the problem converges if the relative resid-
ual norm of inner-loop satisfies the inequality in each steps.
That is to say, residual equation can be solved roughly by
using some iterative method with only a few iteration. Thus,
VP Krylov subspace method has an advantage of paral-
lelization compare with conventional preconditioning strat-
egy such as Incomplete Cholesky decomposition or LU de-
composition.

By taking into account of above character, we propose
variable preconditioned method with mixed precision that
uses double precision operation for inner-loop and multiple
precision operation for outer-loop [1]. Besides, we extend
the algorithm of variable preconditioned method using Bi-
CGSTAB method for outer-loop. The algorithm of vari-
able preconditioned Bi-CGSTAB (VPBi-CGSTAB) method
is shown in Fig. 1. In the present study, JOR method is
adopted for inner-loop solver.

3. EVALUATION
In the present study, HA-PACS at Center for Compu-

tational Science, University of Tsukuba is used for evalua-
tion. HA-PACS is GPU cluster, and the peak performance
is 802 TFLOPS. In the present study, 32 nodes are used for



Let x0 be an initial guess.
r0 = b−Ax0

p0 = r∗
0 = r0

for k = 0, 1, ..., until ||r||2/||b||2 ≤ ε
Roughly solve Azk = pk using some itera-
tive method

αk =
(r∗

0 , rk)

(r∗
0 , Azk)

tk = rk − αkAzk

Roughly solve Awk = tk using some itera-
tive method

γk =
(Awk, tk)

(Awk, Awk)
xk+1 = xk + αkzk + γkwk

rk+1 = tk − γkAwk

βk =
αk

γk

(r∗
0 , rk+1)

(r∗
0 , rk)

pk+1 = rk+1 + βk(pk − γkAzk)
end for

Figure 1: The algorithm of VPBi-CGSTAB.

evaluation (about 100 TFLOPS). In addition, MPI is used
for communication between each Rank, and OpenMP and
CUDA is used for the parallelization in each Rank. When
CUMP is used for calculation the overhead of the commu-
nication between GPUs is larger than the communication
between Ranks using MPI because memory layout must be
transformed. For this reason, in case of parallelization with
CPU, unit Rank per node is adopted, and unit Rank per
GPU is adopted for GPU parallelization.
The electromagnetic field analysis of a linear problem is

discretized by using FEM with edge element, and the co-
efficient matrix becomes a singular matrix. The dimension
size of the matrix is N = 1, 709, 028. Besides, the coefficient
matrix becomes very sparse and symmetric matrix because
an edge element is used for discretization. Only 42 nonzero
elements include in unit column. The sparseness of the co-
efficient matrix is 99.99% (number of non-zero element is
27,549,822).
In Figure 2, we show the communication time of quadru-

ple precisioned VPBi-CGSTAB for various Rank allocation.
We can see from this figure that the communication time
in case of unit GPU assigned for unit Rank decrease as the
number of GPU increase. Because asynchronous communi-
cation can be implemented in case of GPU/RANK= 1, and
the amount of data communication using PCI express in
unit node becomes relatively larger than between the nodes
communication. On the other hand, asynchronous commu-
nication cannot be implemented in case of GPU/RANK= 4.
The speedup of octuple precisioned VPBi-CGSTAB is shown

in Figure 3. This figure indicates that VPBi-CGSTAB on
GPU cluster is up to 16.38 times faster than that of OpenMP.

4. CONCLUSIONS
We have been developed the parallelized code of VPBi-

CGSTAB method and the code has been evaluated on HA-
PACS GPU cluster. Conclusions obtained in the present
study are summarized as follows.
The communication time and calculation time of multiple

precision operation increase drastically. Result of compu-
tation showed that the mixed precisioned Krylov subspace
method could be reduced the communication time. In this
sense, mixed precisioned Krylov subspace method is effective

Figure 2: The communication time of quadruple
precisioned VPBi-CGSTAB for various Rank allo-
cation.

Figure 3: The speedup of octuple precisioned VPBi-
CGSTAB.

solver for the large-sparse linear system.
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