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Abstract—Gravitational lensing is an important probe in
cosmology and astrophysics. In particular, quasar microlensing
strongly constrains the geometry of the high-energy X-ray emit-
ting regions of active galactic nuclei (AGNs) which are very
close to the central supermassive black hole powering the AGNs.
The X-ray emission of a microlensed quasar is lensed by both
the background supermassive black hole and the thousands (to
millions) of random stars in the foreground lens galaxy. Parallel
ray-tracing is an ideal tool to compute the image and light curve
of a X-ray corona lensed by the black hole and foreground
random stars. We present two parallel ray-tracing codes recently
developed by our group to study strong lensing of AGN X-ray
emission by Kerr black holes and microlensing by foreground
lens galaxies, and a numerical scheme to combine microlensing
with black hole lensing. We discuss the unique constraints on
AGN X-ray emission sizes obtained by our computer programs.

I. MICROLENSING AND KERR BLACK HOLE LENSING

Gravitational microlensing was first discovered in
QSO 2237+0305 [1] and has become an important
astrophysical probe. In particular, recently developed
Bayesian Monte-Carlo techniques [2] together with emerging
high quality observational data [3] is making quasar
microlensing a unique tool for probing the innermost structure
of accretion disks. The ensemble of microlensing stars in
foreground lens galaxies produces a magnification pattern
in the source plane, and as the source moves across this
pattern, the source magnification varies with time. The
time varying microlensing magnification depends on the
size of the emission source with larger emission regions
smooth the magnification patterns more heavily and have
less microlensing variability than smaller emission regions.
The sizes of quasar X-ray emission regions were recently
constrained to be ∼10 rg (≡ GM/c2; gravitational radii) of
the central supermassive black hole [4], [5], [6].

The lensing effects of a Kerr black hole (a black hole with
angular momentum) on accretion disks were predicted decades
ago [7], and the relativistic distortion of the AGN Fe Kα line
emission has been discovered [8]. It is much more difficult to
detect the relativistic effect of the black hole on the observed
X-ray continuum emission. The magnification to the observed
X-ray flux is degenerate with the (unknown) intrinsic X-ray
luminosity, whereas the modulation of the X-ray spectra by
wavelength-dependent Kerr lensing is degenerate with other
effects, in particular, absorption [9]. A new method to probe
the effect of Kerr strong gravity is to study the inclination

dependence of the AGN X-ray to optical flux ratio, given
that the optical emission region is much larger than the X-
ray emission and consequently the black hole lensing effect
on optical emission is insignificant, and that Kerr lensing is
strongly inclination dependent [10]. We propose another new
method to probe the effect of the Kerr black hole on AGN
X-ray emission by combining traditional quasar microlensing
techniques with Kerr strong lensing analysis [11].

The traditional interpretation of quasar X-ray microlensing
observations assumes a flat spacetime for the source plane.
When the X-ray source is within a few rg of the central
supermassive black hole, both the flux profile and images of
the X-ray emission are significantly altered. In other words, a
quasars X-ray emission is gravitationally lensed by the central
black hole at the very beginning of its trip to a distant observer,
well before it is lensed by any foreground mass concentrations.
Strong bending and redshift effects of Kerr lensing change the
shape, size, and profile of the X-ray source, all of which are
input parameters for foreground microlensing. The constraints
obtained from current quasar X-ray microlensing should there-
fore be expanded by including Kerr gravity. Because Kerr
lensing depends on important parameters such as inclination
angle, black hole spin, and the velocity flow of the X-ray
sources, quasar microlensing might become an even more
powerful tool in probing the innermost region of AGNs.

II. COMBINING MICROLENSING RAY-TRACING WITH
KERR BLACK HOLE RAY-TRACING

In [11] we have shown that for normal quasar gravitational
lensing systems at cosmological redshifts an “effectively flat”
source plane between the background quasar and the fore-
ground lens plane can be conveniently defined as the interface
between Kerr ray-tracing and microlensing ray-tracing, i.e.,
as the ending point of the backward microlensing ray-tracing
and the starting point of the backward Kerr ray-tracing. We
also showed that the parallel light approximation is adequate
for Kerr ray-tracing. This makes it possible to generate the
image of Kerr lensing and the microlensing magnification
pattern independently in this source plane, and significantly
reduces the computing time. To combine Kerr lensing with
microlensing all we need is a fast ray-tracing code for both
Kerr black hole lensing and microlensing.

In standard linearized lensing theory photons travel along
straight lines, except at the lens plane where bending happens



instantaneously. The time consuming part in generating mi-
crolensing magnification patterns in the source plane is adding
bending angles caused by all the random stars (from a few tens
to tens of thousands). Algorithms based on a hierarchical tree
code [12] or Fourier transforms [2] have been developed to
improve the speed of this process. For example, gains in CPU-
time of factors of ∼1000 can be reached for ∼106 microlenses
using the tree code compared with a direct summation the
deflection angles. A modern way to speed up microlensing
ray-tracing is parallel computing, or using parallel hardware
such as GPU [13]. The ability for astronomers to acquire a
large number of simulated microlensing magnification patterns
spanning a high dimensional parameter space is critical for
using microlensing techniques to probe either quasar accretion
disks or cosmological parameters, given that thousands of new
lenses are expected to be discovered by next generation all-sky
surveys such as LSST. Consequently, parallel computing and
GPU ray-tracing will play an important role in high energy
astrophysics in the next two decades.

In contrast to microlensing ray-tracing where the bending
angle needs to be computed only once for each ray, in Kerr
lensing it can take a few hundred steps to trace a ray from a
distant point (e.g., robs = 106rg) to a point on the accretion
disk near the black hole with desired accuracy. We used a 5th

order Runge-Kutta algorithm with adaptive step-size control in
our backward ray-tracing code. It takes ∼1800 sec to generate
a single image of a Kerr-lensed accretion disk of radii r ∼20rg
with resolution 2000 × 2000 using an Intel i7 processor.
The parallel speed up is summarized in Table I. The lensed
image of an accretion disk depends on the inclination angle of
the observer, the spin a of the black hole, and the velocity
and intensity profiles of the accretion flows. Consequently,
to measure these parameters via Kerr+Micro lensing analysis,
a large number of Kerr-lensed images need to be generated.
For example, even assuming a fixed geometry, velocity, and
intensity profile for the accretion disk, to constrain the disk size
(from a few to hundreds of rg), inclination angle θ, and black
hole spin a simultaneously through microlensing, nr×nθ×na
images need to be generated through Kerr ray-tracing. Parallel
computing is clearly needed for such simulations.

The good news is that microlensing and black hole ray trac-
ing can be done independently and combined seamlessly [11],
and both ray-tracing problems are embarrassingly parallel.
Furthermore, GPU ray-tracing is practical and highly desired
for both cases [14], [15]. We have developed a parallel Kerr
black hole ray-tracing code in [10] and a parallel microlensing
ray-tracing code in [11] using the hybrid OpenMP+MPI algo-
rithm. We expect a speed up by a factor of at least 10 using
GPU ray-tracing.

III. CONCLUSIONS

As an application of our Kerr+Micro lensing ray-tracing
code, we first compare the theoretical microlensing light
curves with/without Kerr strong lensing. We find that X-ray
microlensed light curves incorporating Kerr strong gravity can
differ significantly from standard curves. The amplitude of
the fluctuations in the light curves can increase or decrease
by ∼0.65–0.75 mag by including Kerr strong gravity. Con-
sequently, current X-ray microlensing observations can under
or overestimate the sizes of the X-ray emission regions. We
estimated this bias and found that the size of the X-ray

TABLE I. SCALABILITY OF THE KERR BLACK HOLE RAY-TRACING
CODE FOR AN DISK OF RADIUS 20 rg WITH RESOLUTION 2000× 2000.

THE SCALING IS NOT PERFECTLY LINEAR MAINLY BECAUSE OF THE COST
OF SAVING A LARGE ARRAY OF DATA NEEDED FOR OUR ANALYSIS, IN
PARTICULAR, DIAGNOSING DATA FOR THOSE RAYS FALLING INTO THE

BLACK HOLE.

No. Processors 1 2 4 8 16 32

Speed (×3200 rays/s) 1 1.8 3.5 7.0 13.6 27

emission region can be underestimated by up to ∼50% or
overestimated by up to ∼20% depending on the spin of the
black hole, the disk inclination angle, and the emission profile.
We conclude that more accurate microlensing size constraints
should be obtainable by including Kerr lensing, and that it
should be possible to constrain important parameters such
as inclination angles and black hole spins from combined
Kerr and microlensing effects. We plan to combine our Kerr
lensing code with the Bayesian Monte Carlo simulation code,
apply it to observed light curves of lensed quasars, and
constrain important parameters such as black hole spin and
disk inclination angles in the future. High performance parallel
computing will be further implemented in this future project.
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